The coalescence of two viscous liquid drops in an inviscid gas or in a vacuum is studied using the interface formation model. In the very early stages of coalescence during the formation of the 'liquid-bridge' connecting the two drops, this model predicts a moving contact line and a dynamic contact angle. This paper examines the dynamic evolution of this contact angle, and for small Reynolds number and small Capillary number, relevant particularly in micro-fluidics, a non-linear differential equation is derived for the contact angle and solved computationally. It is found that the contact angle evolution can only be evaluated by determining information about the flow away from the contact line. This is a manifestation of so-called hydrodynamic assist, studied experimentally in the context of curtain coating by Blake et al.
Introduction
The coalescence of liquid drops in a gas or vacuum is an important physical process with many applications, particularly in chemical and bio-engineering, arising, e.g. in lab-on-chip technology in microfluidics, in sintering, in spraying and in the manufacture of powder (e.g. see Ahn et al., 2005; Anna & Mayer, 2005; Chatterjee et al., 2005; Daneshbod et al., 2005; Kerbage et al., 2005; Krupenkin et al., 2005; Quake, 2005; Tabeling et al., 2005; Zheng et al., 2005 , for some of the most recent applications of drop coalescence and dynamics in micro-fluidics), and involves a topological transition in the flow domain. The classical continuum model (see, e.g. Billingham & King, 2005) produces excellent agreement with most experimental data once a smooth free-surface has been formed connecting the two drops, characterized by the formation of a small 'liquid-bridge'. However, at the instant of impact, before a smooth free-surface has been formed, the drops are connected at a cusp and a singularity arises in the model's solution. If the coalescence of small drops (e.g. micron sized) is to be examined, as is required in many emerging technologies in chemical and bio-engineering, then it is unclear as to whether the classical continuum model is appropriate for small times after impact, because of the effects of this singularity on the model's predictions. In particular, the classical model predicts that the pressure at the impact point is proportional to 1/t as the time after impact t tends towards zero, so that the liquid pressure is unphysically large for a finite time interval after impact. It is for small values of t at which the liquid-bridge connecting the two liquid volumes is formed, producing a smooth free-surface out of the cusp which arises at the instant of impact. If the length scale associated with this liquid-bridge formation is significant when compared to other length scales in the problem (e.g. the drop radius) then this liquid-bridge formation is a critical feature of the flow. Therefore, if new flows of engineering, biological and industrial interest which feature the coalescence of very small drops are to be examined computationally, it is necessary to determine whether the classical model is valid in these situations, or whether another model is more appropriate. Shikhmurzaev (2000) (from now on labelled as 'I ') has proposed an 'interface formation' model which removes this singularity by generalizing the classical continuum formulation. When two liquid volumes first touch, a cusp is formed in the free-surfaces at the impact point. (See Fig. 1 where the liquid-gas free-surface is shown by solid lines.) The model predicts that this cusp propagates away from the initial impact point (Figs 1a, b) and the liquid-gas free-surface becomes smooth at a finite distance from the point of initial contact at a finite time after impact (Fig. 1c ). In the model, this occurs since the cusp continuously and smoothly opens out, forming a smooth free-surface in finite time. It was shown in I that the singularity inherent in the classical formulation is removed using this revised approach. It is this interface formation model that will be examined here with a view to gaining theoretical predictions from the model to compare to experimental data. Ultimately, it is the goal of this research project to compare the predictions of both the classical continuum model and the interface formation model against experimental data for coalescing drops. However, before this can be done, the interface formation model needs to be examined in detail to find the parameter regimes in which the most significant deviation of FIG. 1 . A sketch of subsequent times during the early stages of coalescence predicted by the interface formation model, showing the formation of the smooth liquid-bridge. The free-surface (denoted by solid lines) is shown propagating away from the impact point. At the opening propagating cusp (the moving contact line), the free-surface is not smooth. The trapped internal liquidliquid interface is shown as dashed horizontal lines (initially through the impact point) between the two outwardly propagating moving contact lines. Residual surface tension remains briefly on this internal liquid-liquid interface, called the surface tension relaxation tail. The surface tension relaxes to zero on this tail behind the cusp. Fluid particles travel from the free-surface onto the trapped internal liquid-liquid interface, by moving through the contact line, as the moving contact line propagates outwards. These fluid particles lose their surface properties in finite time. The dynamic contact angle is the internal angle between the trapped liquid-liquid interface (horizontal line) and the free-surface at the moving contact line. This angle evolves continuously from 180 to 90 • as the free-surface becomes smooth at the contact line. Once a smooth free-surface has been formed, the surface tension along the whole of the liquid-liquid interface reaches zero, corresponding to the disappearance of the surface tension relaxation tail. 742 S. P. DECENT the two model's solutions occur. Only then can appropriate experiments be designed to test the two models against experimental data. It shall be seen here that the largest deviation occurs in the context of micro-fluidics, and in this scenario the deviation between the predictions of the classical continuum model and those of the interface formation model is significant.
A key feature of this theory is that surface tension is no longer fixed as a constant, but is allowed to vary along the free-surface. The model also allows for fluid particles to enter or leave the free-surface, as observed in Jeong & Moffatt (1992) . For coalescence, an internal liquid interface becomes trapped between the two coalescing volumes when the impact of the two free-surfaces occurs (shown as the dashed line in Fig. 1a) . As the free-surface cusp opens out and propagates away from the point of initial contact, the internal interface is left behind connecting the two liquid volumes (see dashed line in Fig. 1b ). This interface is characterized as having (non-zero) dynamic surface tension. Fluid particles travel through the moving contact line at the 'opening propagating cusp', moving from the liquid-gas free-surface onto this trapped internal liquid interface between the two volumes, and continue moving towards the impact point. (This trapped internal interface left behind the opening propagating cusp will be called the 'liquid-liquid' interface here.) This is the beginning of the formation of the liquid-bridge connecting the two volumes. The model allows the trapped liquid particles on the 'liquid-liquid interface' to lose their surface properties in finite time. The surface tension of these fluid particles on the liquid-liquid interface changes with time, starting at the equilibrium surface tension of the free-surface and finishing a short time later at zero surface tension, which is the equilibrium surface tension associated with the interior of the fluid. In other words, this model allows for these trapped particles to take a finite time to adjust from being surface particles to particles in the interior of the fluid as they pass through the moving contact line at the propagating cusp. This process allows for the formation of a 'surface tension relaxation tail' behind the propagating, opening cusp. The interior angle (the contact angle) θ d between the opening propagating free-surface and the liquid-liquid interface at the moving contact line starts at 180 • and evolves continuously to 90 • in a small time interval, at which time a smooth free-surface has been formed. These events will occur very quickly, but the model allows them to occur over a finite time interval rather than instantaneously. (In the classical continuum model, it is assumed that the smooth free-surface is formed instantaneously.) At the moment of impact, a cusp forms in the free-surface and is initially located at the point of impact of the two volumes. At this time, the interior contact angle is 180 • . The free-surface and the moving contact line propagate away from the impact point (Fig. 1a) and the free-surface opens out under the action of surface tension. The moving contact line marks the line of intersection between the liquid-gas free-surface and liquid-liquid interface. This moving contact line will be called an opening propagating cusp, though of course it is only a cusp initially when the interior contact angle is 180 • . On the liquid-gas free-surface some distance away from this opening propagating cusp, the surface tension will usually be equal to the equilibrium value associated with the liquid-gas interface. Looking along the free-surface, at a fixed moment in time, towards the opening propagating cusp, surface tension will reduce smoothly. There is also some residual surface tension left along the liquid-liquid interface (behind the opening propagating cusp) and this smoothly reduces as one moves from the opening propagating cusp to the point of impact. It is this residual surface tension which is the surface tension relaxation tail. As the opening cusp propagates away from the impact point, Fig. 1(b) , the surface tension on the liquid-liquid interface will reduce to zero (the equilibrium value associated with this interface). Here, the surface tension relaxation tail is starting to disappear. The opening cusp will continue to propagate, and open out, and will eventually form a smooth free-surface (when the interior contact angle is 90 • ), at which time the surface tension along all the free-surface is at its equilibrium value and the surface tension along the whole of the liquid-liquid interface is zero (Fig. 1c) . This model has also been applied to the problem of the evolution of the contact angle in the case of dynamic wetting (Blake et al., 1999; Blake & Shikhmurzaev, 2002; Shikhmurzaev, 1993 Shikhmurzaev, , 1994 Shikhmurzaev, , 1996 Shikhmurzaev, , 1997a Shikhmurzaev, ,b, 1998 Shikhmurzaev, , 2002 Suckling, 2003) . Here, the free-surface moves along a solid surface, forming a dynamic contact angle at the contact line where the two surfaces meet. In this case, this model predicts that the contact angle θ d cannot be simply written as a function of the fluid properties (e.g. viscosity, density, surface tension) and the speed of the contact line along the solid surface. Instead this model predicts that the contact angle depends on the flow field in the neighbourhood of the contact line, in addition to the fluid properties and contact line speed. This effect has been called hydrodynamic assist of dynamic wetting, and experimental evidence for this effect in the case of curtain coating is presented in Blake et al. (1999) .
Droplet coalescence has previously been studied experimentally by Jayaratne & Mason (1964) , Menchaca-Rocha et al. (2001) , Beysens et al. (2002) and Pergamalis (2002) , which show the formation of a small liquid-bridge connecting the two fluid volumes very quickly after impact. Theoretical and computational studies using the classical formulation have been carried out by several authors, including Hopper (1984 Hopper ( , 1990 Hopper ( , 1992 Hopper ( , 1993 , Lafaurie et al. (1994) , Richardson (1997) , Keller et al. (2000) , Menchaca-Rocha et al. (2001) , Pergamalis (2002) and Billingham & King (2005) , and others, all showing excellent agreement with the available experimental data once the liquid-bridge has formed. This extensive body of work, including other citations, has been reviewed recently in Billingham & King (2005) and Decent et al. (2006) , and so does not need to be discussed again in detail here. I showed that the interface formation model described here has bounded solutions for t → 0, and Decent et al. (2006) gives computational solutions for the velocity and pressure inside the drops as t → 0 using this model. (See also Partridge, 2002; Shaw, 2003.) This paper solves the interface formation model for small Reynolds number (Stokes flow) and for small Capillary number, using asymptotic and computational methods. It will be shown that in this case the dynamic evolution of the contact angle can be determined computationally, and that hydrodynamic assist occurs for coalescence. The dynamic evolution of the free-surface will also be determined (see Fig. 4 ) for two coalescing cylinders of equal radius. Also, it will be demonstrated that this case of small Reynolds number and small Capillary number is the ideal one for a comparison with experimental data in order to test the interface formation model against the classical continuum model. Finally, issues involving the computational solution of the model for O(1) values of the Reynolds number and Capillary number will be discussed.
Mathematical model
The interface formation model consists of the usual continuity and Navier-Stokes equations
where t is time, u is the velocity of the liquid, p the pressure, ρ the constant density of the liquid and ν the kinematic viscosity. The conventional boundary conditions of the classical continuum model are generalized in the interface formation model. The kinematic condition on the free-surface G(r, t) = 0 (where r is the free-surface position vector) is
and the kinematic condition on the liquid-liquid interface connecting the two drops is w · n = 0 (since this liquid-liquid interface will be assumed to be stationary). Here, w is the velocity of the free-surface and of the liquid-liquid interface. The tangential stress boundary condition is
to be solved on both the free-surface and the liquid-liquid interface, and the normal stress boundary condition is
to be solved on the free-surface, where p 0 is the external pressure, n is the unit normal to the interface pointing into the liquid, I is the identity tensor, P = −pI + µ[∇u + (∇u) ] is the stress tensor, µ is viscosity and the superscript ' ' denotes transpose. The model in I uses the concept of surface density , which is the density of the 'surface phase' of the fluid at the free-surface and at the liquid-liquid interface. (The surface density has dimensions of mass per unit area, since these interfaces are modelled as geometrical surfaces of zero thickness in I . The thickness of these interfaces in reality is of the order of nanometres: see Blake et al.,1999; Blake & Shikhmurzaev, 2002 .) It is necessary to solve equations for the surface density of these interfaces, the surface tension σ of these interfaces and the surface velocity w (where w, σ and are defined only on the free-surface and on the liquid-liquid interface, and not elsewhere inside the liquid). The first of these interface equations is the equation of state
where γ is a constant of linear proportionality and 0 is a constant corresponding to the value of the surface density that gives zero surface tension. The interface formation model also includes the surface continuity equation
where e is a constant which gives the equilibrium surface density of the interface and τ is a constant which gives the characteristic timescale over which this relaxation towards equilibrium occurs. There is also an equation describing the relationship between the surface tension gradient and the velocity gradient across the interface
where α and β are constants that represent properties of the liquid, and
which specifies any mass transfer between the fluid bulk and the interfaces. These boundary conditions are valid on the liquid-liquid interface newly formed between the two liquid volumes and on the freesurface. The equilibrium surface density e is equal to the constant 0 on the liquid-liquid interface, and equal to the constant 1e on the free-surface, where 1e < 0 . Thus the equilibrium surface tension on the free-surface is σ 1e = γ ( 0 − 1e ), and the equilibrium surface tension on the liquid-liquid interface is equal to zero. Therefore, the surface tension σ on the liquid-liquid interface will tend towards an equilibrium value of zero, and the surface tension σ along the free-surface will tend to the constant σ 1e . Both of these relaxation processes occur on a timescale of order τ . Blake et al. (1999) and Blake & Shikhmurzaev (2002) estimated that τ ranges from 10 −9 to 10 −7 s for low to medium viscosity liquids and that τ is proportional to µ, so that τ might be 10 −3 s for highly viscous liquids such as some silicone oils. Davis & Rideal (1963) estimated that the surface tension relaxation time for water is of the order of nanoseconds. If τ = 0 in the above boundary conditions, then they become identical to the classical boundary conditions of viscous fluids. Note that the right-hand side of (9) was taken to be zero in I , but generalized to a non-zero righthand side in Shikhmurzaev (2002 Shikhmurzaev ( , 2005a to account for the mass transfer between the bulk and the surface interfaces in the boundary conditions for the bulk flow.
The line of intersection between the liquid-liquid interface and free-surface is called the contact line, and these surfaces meet at a contact angle θ d (which will be measured through the liquid). Initially, when the liquid volumes first touch, θ d will be 180 • . Once a smooth free-surface has been formed, at a time of an order τ later, this angle will have evolved smoothly to 90 • . Continuity of surface flux through the contact line gives
where subscripts 1 and 2 denote the limits of a function as the position vector r tends to the contact line along the free-surface and along the liquid-liquid surface, respectively. Unit vectors e 1 and e 2 are directed along these interfaces, and point away from the contact line. A force balance at the contact line gives
where σ 1 is the surface tension at the contact line on the free-surface and σ 2 is the surface tension at the contact line on the liquid-liquid interface. See I for a further more detailed discussion of this mathematical Model (1)-(11).
Here, this Model (1)-(11) will be solved for two coalescing cylinders of equal radii R, of the same viscous liquid at the same temperature, coalescing in a vacuum or in an inviscid gas. The origin is located at the impact point and time t = 0 is taken to be the moment of impact. The Cartesian (x, y) coordinate system is used where the x-axis points through the opening propagating cusp at the contact line between the cylinders and the y-axis lies on the centre of each cylinder, so that the x-axis is between the two cylinders at the moment of impact.
The equations are non-dimensionalized using the scales for time, length, velocity, pressure, surface tension and surface density given by
respectively, so that velocity is non-dimensionalized by droplet radius divided by the typical timescale, and the pressure non-dimensionalized using the initial capillary pressure. These scales appear to be most appropriate when the surface tension relaxation phenomena predicted by the model occur over the whole free-surface, rather than just close to the contact line. (So, the liquid-bridge formation occurs over a length scale comparable to R.) Alternative scales for time, length, velocity, pressure, surface tension and surface density τ , L = τ σ 1e /µ, U = σ 1e /µ, µ/τ , σ 1e , 0 , respectively, will also be discussed here, where L and U are natural scales for the length over which the surface tension varies and the speed of the moving contact line, respectively, and these alternative scales would instead be more appropriate if the length scale associated with the liquid-bridge formation is much less than R (i.e. these alternative scalings would be more appropriate if L R).
S. P. DECENT
Under scalings (12), the Capillary number Ca, Reynolds number Re and Weber number We are
Further non-dimensional constants used here are
where δ is the ratio of the length associated with surface tension relaxation L to the radius of the cylinders R, λ relates constants in (6),¯ 1e is a ratio of the two equilibrium surface densities, Y relates constants in (8) and l relates the surface and bulk densities. Note that if the surface tension relaxation length scale is much less than the droplet radius, so that L R, then δ 1 and Ca 1. Also note that Ca 1 means that L R, so that the liquid-bridge formation described by this model will be dominant during the coalescence process. (Using the alternative scales would give different expressions for Ca, Re and We.) Blake et al. (1999) and Blake & Shikhmurzaev (2002) estimated that the thickness of the interfacial layer δl is of the order of nanometres for simple fluids, and that 0 ≈ ρδl, β ≈ µ/δl and α = O(1/β). Using these, l ≈ δl/R which will usually be very small. Also,
so that Y will also usually be very small. Note that using these estimates, l 1 implies that CaY 1. In this paper, Re, Ca, Y and l will all be taken to be small parameters at various points.
Using estimates of τ from Blake et al. (1999) and Blake & Shikhmurzaev (2002) of 10 −9 to 10 −7 s for low to medium viscosity liquids, and τ proportional to µ, gives typical values of L as 10 −7 -10 −5 m for most liquids (though L will be much larger for high surface tension liquids such as liquid metals). For water U will be of the order of 10 2 ms −1 , for glycerine U will be of the order of 10 −1 ms −1 and for some silicone oils U will be as small as 10 −4 ms −1 at room temperature.
One important emerging technology is the so-called lab-on-chip, in which droplet coalescence can take place (e.g. Chatterjee et al., 2005) . Here, R might vary from tens of nanometres to hundreds of micrometres, giving Ca small or large, depending upon drop size and fluid properties. For example, for water Ca would vary between about 10 −3 and 10 3 over this range of drop radii using Blake et al. (1999) and Blake & Shikhmurzaev (2002) . Using the estimates in (14)- (15), l ≈ 10 −3 and Y ≈ 10 −4 -10 −2 for typical micron radius drops (e.g. of water, glycerine or silicone oils), and l ≈ 10 −6 and Y ≈ 10 −10 -10 −8 for typical millimetre radius drops, for example. Hence, l and Y can be seen to be small parameters over a wide range of drops' sizes.
For high viscosity, liquids such as glycerine and some silicone oils at room temperature, and taking estimates of τ from Blake et al. (1999) and Blake & Shikhmurzaev (2002) , Ca might be expected to vary from around 10 −1 to 10 1 and Re from around 10 −9 to 10 −3 for micron radius drops. For mercury at room temperature, which has a higher surface tension, and with R = 0.1 µm, it might be expected from Blake et al. (1999) and Blake & Shikhmurzaev (2002) that Ca is about 10 −1 , Re is about 10 −4 , Y is about 10 −1 and l is about 10 −2 . Other liquid metals with higher values of surface tension will give rise to smaller values of Ca.
All quantities from here on will be taken to be non-dimensional using the scales (12). The speed of each cylinder at the moment of impact will be assumed to be much less than R/τ , and it is assumed that 747 coalescence starts to occur as t → 0 + . The moving contact line is taken to be at x = x * (t), y = 0. Then on the x-axis, for 0 x x * (t), behind the moving contact line, particles are gradually loosing their surface properties. This interval is the liquid-liquid interface. The assumption that the impact speed is small means that for micron radius drops the impact speed is assumed to be much less than about 10 3 ms −1 for water, and much less than about 10 −3 ms −1 for high viscosity silicone oils.
The problem considered here only needs to be solved for x 0 and y 0 because of symmetry. Initially, the contact line is at the impact point so x * (0) = 0, and the initial contact angle θ d (0) = π (in radians), so that the free-surface forms a cusp at t = 0. If the free-surface position is given by y = f (x, t), then since the free-surface is initially cylindrical
The positive alternative sign in (16) corresponds to the upper part of the free-surface and the negative alternative sign corresponds to the lower part of the free-surface. Since there will always be upper and lower branches of the solution for f , the upper branch will be denoted as y = f + (x, t) and the lower branch as
The contact angle is given by
Equations (1) and (2) must be solved subject to the boundary conditions (3)- (9) along the freesurface at y = f (x, t). Along the liquid-liquid interface at y = 0 for 0 x x * (t), boundary conditions (4) and (6)- (9) must also be satisfied. (On this liquid-liquid interface, the normal stress boundary condition (5) is not used, since this boundary condition determines the position of the freesurface only. This is also the case in the classical continuum formulation.) The kinematic condition (3) on y = 0 for 0 x x * (t) is w · n = 0.
Symmetry conditions are applied on the line of symmetry x = 0. These are given by u = 0 and ∂v/∂ x = 0 on x = 0 where u = ui + vj. Also, ∂ f + /∂ x = 0 at x = 0 for symmetry. Initial conditions are u = 0 and p = 1 +p 0 at t = 0, wherep 0 is the non-dimensional gas pressure. There is also a further mass conservation condition that requires the cross-sectional area of the flow domain between the free-surface and the x-and y-axes to remain constant.
Also, initial and boundary conditions for the surface quantities must be specified. Initially at t = 0, the surface tension σ is equal to its equilibrium value, so that σ = 1 at t = 0 (in non-dimensional terms) on both the free-surface y = f (x, t) and along the liquid-liquid interface (y = 0 for 0 x x * (t)), since all points at t = 0 along both these interfaces are initially free-surface points.
Boundary conditions for the surface velocity are (i) w · i = 0 at x = y = 0 and (ii) w · i = 0 at x = 0 on the upper part of the free-surface at y = f + (0, t). Therefore, at both these points, the tangential component of the surface velocity w along each interface is zero, so that there is no flow along these interfaces into, or out of, the line of symmetry at x = 0. From (8), these boundary conditions become ∇σ = 0 at x = y = 0 and ∇σ = 0 at x = 0, y = f + (0, t).
Further conditions on σ at the contact line are that σ = σ LG (t) at x = x * (t) on the free-surface (i.e. at y = f − (x * (t), t)) and σ = σ LL (t) at x = x * (t) on the liquid-liquid interface (i.e. y = 0 for 0 x x * (t)), where σ LG (t) and σ LL (t) are functions to be determined. It will be seen in this paper that σ LG (t), σ LL (t) and θ d (t) are determined by the contact line boundary conditions (10) and (11), as well as a solvability condition. The equations for σ LG (t), σ LL (t) and θ d (t) are described in their most general form in Appendix A, but are investigated in various asymptotic limits in Sections 3-5. (This complex set of relationships at the contact line linking σ LG (t), σ LL (t) and θ d (t) is a manifestation of the so-called hydrodynamic assist, where σ LG (t), σ LL (t) and θ d (t) cannot be determined from information at the contact line alone, but depend upon some global information of the flow away from the contact line.)
In the following sections, various aspects of the solution to these equations are considered. Before this, it is worth briefly considering the non-dimensional form of some of the boundary conditions. Equation (4) becomes Ca(I − nn) · P · n + ∇σ = 0, where the quantities are now non-dimensional and P = −pI + ∇u + (∇u) is the non-dimensional stress tensor. Therefore, as Ca → ∞, the classical tangential stress boundary condition (for constant temperature) is obtained under the scaling for length and velocity given by (12). For Ca → 0, the tangential stress boundary condition eliminates surface tension gradients at leading order. Equation (8) becomes Y ∇σ = (I − nn) · (w − u). Therefore, for Y = 0, the tangential component of the surface velocity w is equal to the tangential component of the bulk velocity u at the surface. Also, note that from (9) and (14), for l = 0, the normal component of the surface velocity w is equal to the normal component of the bulk velocity u at the surface.
Hydrodynamic assist in Stokes flow for small Y
Equations (1) and (2), in non-dimensional terms, simplify to the Stokes flow equations as Re → 0, and it is these equations for the flow in the bulk which shall be considered in the rest of this paper. (Except in Appendix A, where Re = O(1) is considered. Also, see Appendix B, where a small-time temporal inner region for t → 0 is discussed briefly which arises for Re → 0. However, it is shown in Appendix B that this small-time temporal boundary layer can be ignored.)
The equations are solved in this section in the limit Y → 0. Inner and outer asymptotic regions will be identified. In the outer region, boundary condition (8) gives (I − nn) · (w − u) = 0 at leading order on the free-surface y = f (x, t) and at leading order on the liquid-liquid interface at y = 0, using (12)- (14) with Y → 0. However, by substituting (6) and (8) into (7), and using (12)-(14), it can be seen that the highest spatial derivative of σ is multiplied by Y . Therefore, this limit Y → 0 is singular and will give rise to spatial inner asymptotic regions.
The flow close to the contact line, close to the origin (at the location of the impact point) and close to x = 0, y = f + (0, t) is now examined.
Flow close to the contact line: the dynamic contact angle
The flow in the outer region is now examined close to the contact line with polar coordinates x = x * (t) + r cos θ and y = r sin θ , where r =r Ca m Y n , with n > 0, m > 0 andr = O(1) for Y → 0. (In Section 4, the limit Ca → 0 will additionally be taken, and so it is useful to put Ca into this expression relating r andr . However, in this section, Ca = O(1).)
Examining (1)- (11), and in particular (7) and (8) (subject to (12)- (14)), a distinguished limit is identified corresponding to n = 1. (If additionally Ca → 0, then the equations also give a distinguished limit for m = 1. Therefore, m is taken to be equal to unity here, even though Ca = O(1) in this section.)
Solving ∇ · u = 0 and ∇ p = ∇ 2 u, and insisting that |u| is O(1) in Y in the whole of the drop for Y → 0 gives
for the velocity u = u r e r +u θ e θ in polar coordinates, taken with respect to a moving frame of reference, moving with the contact line at x = x * (t), y = 0. The pressure is found to be
wherep 0 is the (non-dimensional) atmospheric pressure, and a
(t), b(t), c(t), d(t), A(t), C(t), D(t)
and J (t) are functions of time t. Note that the above expansion has been chosen so that the pressure and velocity are bounded at r = 0 if the time-dependent functions are bounded. Remember, I shows that the interface formation model presented here gives bounded solutions for t → 0. (Note, it will be seen in Appendix A that this expansion is the same as the local asymptotic expansion for r → 0 for Re = O(1).) Substituting the above expansions into the normal stress boundary condition (5) (using (12)) on the free-surface gives that the free-surface is located at
(21) Therefore, the free-surface gives a corner local to the contact line. At leading order, the free-surface is then located at θ = α 0 (t). The liquid-liquid interface is at θ = π .
The tangential stress boundary conditions (4) (using (12)) on the free-surface and on y = 0 give, as Y → 0, that the surface tension on the free-surface is
and the surface tension on the liquid-liquid interface (at y = 0) is
whereσ LG (t),σ LL (t),σ LG1 (t) andσ LL1 (t) are time-dependent functions. From (6) the surface density is given by = 1 − σ/λ. The surface velocity can be written as w = u r s e r + u θ s e θ . Then boundary condition (8) gives (subject to (12))
on the free-surface, and
on the liquid-liquid interface. Equation (9), using (12), gives
on the liquid-liquid interface. 750 S. P. DECENT Finally, the above expansions are substituted into the kinematic condition (3) on the free-surface, the kinematic condition on the liquid-liquid interface at θ = π which becomes u θ s = 0 at θ = π, the surface continuity equation (7) on the free-surface and on the liquid-liquid interface, and the contact line equations (10) and (11). After some algebra, and using (12), a series of differential and algebraic equations connecting the unknown time-dependent coefficients is obtained. From the kinematic condition on the free-surface
and
as well as c(t) = d(t) = 0. The kinematic condition on the liquid-liquid interface gives
The surface continuity equation on the free-surface gives
The surface continuity equation on the liquid-liquid interface gives
The contact line equations giveσ
LG cos(π − α 0 ) +σ LL = 0 (34) and 1 −σ
where
Equations (28)-(35) provide eight equations for the eight unknown functions A(t), C(t), D(t), a(t), b(t), α 0 (t),σ
LG (t) andσ LL (t). From these, θ d (t) can be determined, since θ d = π − α 0 . However, to find these eight unknowns and hence θ d (t), it is necessary to also know the leading-order pressure J (t), since J (t) also appears in (28)-(35). But J (t) must be determined away from the contact line. Consequently, in general, θ d (t) depends upon the pressure and velocity fields away from the contact line, and the contact angle θ d (t) is not just a function of the velocity and pressure at the contact line, and the fluid properties, but depends on u and p away from the contact line. This is called hydrodynamic assist. In Blake et al. (1999) , experimental evidence of hydrodynamic assist was found in wetting in curtain coating. (In fact, it will be seen in the following sections that J (t) is determined from a global condition that the cross-sectional area of the flow domain between the free-surface and the x-and y-axes remains constant, by mass conservation.) Once J (t) has been determined, (28)- (35) can be used to find
The equations presented here can also be obtained for Re = O (1) (28)- (35) are found (but containing some extra terms). If the limit Y → 0 is taken in this system of equations, then equations (28)- (35) (6)- (8) for σ along the free-surface and along the liquid-liquid interface are second order in spatial coordinates (i.e. they contain terms up to ∂ 2 σ/∂s 2 where s is the arc length along each interface). However, when Y = 0, these equations become first order in σ in spatial coordinates (containing terms no higher in order than ∂σ/∂s), because of (12)-(14). Hence, in the outer region, two of the four boundary conditions for these surface equations must be neglected when taking the limit Y → 0, and this limit is singular. In fact, it is found necessary to neglect the two boundary conditions for the surface velocity, namely w · i = 0 at x = y = 0, and
However, from (8) with (12)- (14), (I − nn) · (w − u) = 0 when Y = 0. Therefore, the tangential component of w along each interface is equal to the tangential component of u adjacent to that interface when Y = 0. Therefore, w · i = u · i at x = 0 along the free-surface and along the liquid-liquid interface when Y = 0. Also, the symmetry conditions give that u = 0 on x = 0, where u = ui + vj. So, w · i = u · i = 0 at x = 0 on both the free-surface and on the liquid-liquid interface when Y = 0. Therefore, the two boundary conditions for the surface velocity (w · i = 0 at x = y = 0 and w · i = 0 at x = 0, y = f + (0, t)) are both automatically satisfied when Y = 0. Consequently, these two boundary conditions on w can be safely neglected in the outer region in the limit Y → 0 at leading order without introducing any leading-order boundary layers near x = 0.
Even though at leading order neglecting these two boundary conditions on w in the outer region does not cause flow at O(1) on the surface interfaces through x = 0, this is not the case at O(Y ) in the outer region. At O(Y ) in the outer region, the neglect of these two boundary conditions causes the tangential component of w along these interfaces, towards x = 0, to be non-zero at x = 0 (i.e. the argument in the previous paragraph holds at O(1) but not at O(Y ) in the outer region). Therefore, these two neglected boundary conditions on w in the outer region give rise to two higher-order inner asymptotic regions, each located at x = 0, along the free-surface and along the liquid-liquid interface. In each case, it is possible to scale into these inner regions with x = Yx wherex = O(1) in these inner regions. The details of these inner regions are not crucial to this paper (since they are higher-order features of the flow) and hence are described briefly in Appendix C.
Contact angle evolution for small Capillary number
Section 3 is now reconsidered for Ca → 0. Under the scalings (12), the equations in the bulk (1) and (2) in the outer region become ∇·u = 0 and Re ∂u ∂t
Therefore, in the outer region for Re → 0, Ca → 0 and Y → 0, the pressure is
for a bulk position vector r, so that the leading-order velocity satisfies Stokes flow ∇·u = 0 and ∇ 2 u = ∇ p 1 in the outer region. When Ca → 0, then δ → ∞ so L R. Therefore, in this limit, surface tension relaxation should be expected to occur over the whole surface of the drop.
From (5), with the non-dimensionalization (12), the normal stress boundary condition in the outer region becomes
at leading order on the free-surface. This equation gives the position of the free-surface in the outer region when Ca → 0. From (4) (with (12)), as Ca → 0, σ = σ (t)+o(1) in the outer region. This agrees with (22) and (23). Therefore, σ =σ LG (t) at leading order on the free-surface in the outer region, and σ =σ LL (t) at leading order on the liquid-liquid interface along y = 0 in the outer region. Then in the outer region, the velocity u satisfies ∇ · u = 0 and ∇ p 1 = ∇ 2 u, subject to (suitably non-dimensionalized) boundary conditions (8) and (9), with w given by (3), (6) and (7). (In fact, (6) gives , (3) gives the normal component of w and (7) gives the tangential component of w.) From this, u could be determined computationally in the outer region. (Also, note that when Y and Ca are both small, the inner regions at x = 0 arise at order O(Y 2 Ca) in the outer expansion, rather than at O(Y ) as before. Hence, these inner regions remain higher-order features of the flow for Ca → 0. See Appendix C.)
If the free-surface is written as y = f ± (x, t), the solution to (38) at leading order is
since y = f − (x = x * (t), t) = 0 at the contact line, where K = J/σ LG . Then, the contact angle
Rearranging (40) gives that
Note that at t = 0, if θ d = π then x * = 0, so that the free-surface forms a cusp at the origin. Once the contact angle has reached its equilibrium value, so that θ d = π/2, then x * = 1/K . In this case, the freesurface becomes f (x, t) = √ 1 − K 2 x 2 /K . Therefore, in this extreme case of Ca → 0, coalescence completely occurs by the time that the contact angle has relaxed to 90 • , and the contact line has moved a distance comparable to the radius of the cylinder. This means that for Ca → 0, the liquid-bridge formation flow described here is completely dominant in the coalescence process.
The volume of the fluid inside the drop must be conserved, so that the cross-sectional area of the fluid domain between the free-surface and the x-and y-axes remains constant. From (39), this gives after a little algebra that
This equation can now be used to determine J (t) since J =σ LG K . It is now possible to solve (28)-(35) in the limit Ca → 0. Using this expression for J (t) means that (28)- (35) give a closed system of equations for the remaining eight unknown time-dependent functions A, C, D, a, b,σ LG ,σ LL and α 0 . Hence, it is possible to determine the dynamic evolution of the contact angle θ d (t) in this case, since
The procedure for solving (28)- (35), as Ca → 0, is to first eliminate a and b using (28) and (30). Then, (34) and (35) give expressions forσ LG andσ LL . These givê
Hence, as the contact angle θ d → π/2, so that α 0 → π/2, these give thatσ LG → 1 andσ LL → 0, as expected. So, when the contact angle is at its equilibrium, the surface tension on the free-surface is at its equilibrium value (unity in non-dimensional terms), and the surface tension on the liquid-liquid interface is zero, which is the equilibrium value on that interface.
Equations (31)- (33) can be solved to find expressions for A, C and D. These are all then substituted into (29) to give a first-order non-linear ordinary differential equation (ODE) for α 0 (t). This expression is rather lengthy and is not shown here. With Ca → 0, the only parameters in this differential equation are l and λ.
Note that for λ < 2, it is not permissible to take α 0 = 0 in these equations (see (44)). For λ < 2, the minimum initial angle permissible is α 0 = cos −1 (λ/(4 − λ)). However, it is thought that for most fluids λ is a large parameter (Blake et al. 1999; Blake & Shikhmurzaev, 2002) , so usually λ 2. This first-order differential equation for α 0 (t) is of the form dα 0 /dt = f (α 0 ), and so is separable. First, examining equilibrium solutions, by solving f (α 0 ) = 0, it is found that α 0 = π/2 is the only equilibrium, as should be expected, since this corresponds to a smooth free-surface. This equilibrium is found to be stable. The differential equation can be rewritten as an integral so that
for λ > 2, where t (θ d ) is the time when the contact angle is θ d . This can easily be solved numerically. However, it is found that t → ∞ as θ d → π/2 (since this equilibrium point is stable), and so the computations have only been carried out for t (θ d = 101π/200) plotted against l for λ = 20, showing that this time decreases as l increases. It can be seen that typically the dimensional time for the contact angle to reach its equilibrium (or very close to its equilibrium) is of the order of a few hundred times τ in these parameter ranges.
The free-surface position in the outer region can be plotted using (39) for different contact angles θ d , which correspond to different times (depending upon l and λ). Figure 4 shows the free-surface positions in the x y-plane for various θ d . It can be seen that when Ca is small, the contact angle variation occurs during the whole process of coalescence, and the contact angle reaches its equilibrium value only once the two cylinders have finished coalescing. Therefore, the contact line (at x = x * (t), y = 0), where the free-surface intersects the x-axis, moves a distance comparable with the radius of the cylinders when Ca is small. This will not be the case if the Capillary number is O(1) or large. In this case, the contact line will not move far from the origin at (0, 0) during the time that the contact angle θ d changes from π to π/2. This would correspond to the formation of the so-called liquid-bridge connecting the two volumes close to (0, 0), observed in many experiments. (See, e.g. Beysens et al., 2002.) 
Contact angle evolution for small l
The parameter l will usually be very small since l ≈ δl/R, and so (28)-(35) are now examined for small l, small Ca and small Y (corresponding to small δl, small τ and small R). Note that if (28) and (30) are used to eliminate a and b, then each term in (35) is of O(l). So, in order to investigate small l, it is interesting to retain higher-order terms in (35). If this is done, then (35) becomes
If (28) and (30) are used to eliminate a and b from (46), then a non-dimensional parameter S = Y Ca/l can be identified, where S is considered in this section to be O(1). (In Section 4, Y 1, Ca 1, l = O(1) and S 1.) From the estimates given in Section 2 for Y and l, it can be seen that S = O(1), so it seems that (46) is more realistic than (35). In other words, it makes sense physically to take l 1. (Note that taking Y ≈ σ 1e τ δl/(µR 2 ), Ca = µR/(σ 1e τ ) and l ≈ δl/R from Section 2 gives S ≈ 1.) Under these revised scalings, (28)-(34) do not require modification by the incorporation of extra terms to be correct at leading order.
Equations (28)- (34) are now solved along with (46) for S = O(1). It is also assumed that Ca is sufficiently small that the expression for J (t) determined in Section 4 is still valid. Eliminating a, b, A, C, D andσ LL using (28) , (30), (31), (33), (34) and (46), and substituting these expressions into (29) and (32), gives two coupled first-order homogeneous non-linear ODEs for α 0 (t) andσ LG (t). These can be solved computationally using Runge-Kutta. (A variable step length method was also used, and the results remained unchanged.) In this system of equations, α 0 = π/2 andσ LG = 1 is a stable equilibrium point. For these computations, Y , l and Ca are taken to be small but finite.
Figures 5 that there is a numerical boundary layer for small times in whichσ LG changes rapidly from 1 to 0.5. (This cannot be seen in Fig. 7. ) Also, note that in these parameter regimes, the dimensional time for the contact angle to reach near equilibrium is of the order of ten thousand times τ , and this time increases with λ for large λ. the contact angle to reach near equilibrium is of the order of ten times τ , and this time increases as l decreases.
Figures 12-14 show θ d , x * andσ LG plotted against time t for l = 0.01, λ = 2, Ca = 0.05 and for S = 0.3, 0.4 and 0.5. Note that in these parameter regimes, the dimensional time for the contact angle to reach near equilibrium is of the order of ten times τ , and this time increases as S increases. 
Discussion
The interface formation theory of I has been solved asymptotically in the case of the coalescence of liquid cylinders. It has been shown that the contact angle θ d exhibits hydrodynamic assist, since it cannot be determined locally without determining some aspect of the flow away from the contact line. This effect has already been identified in experiments in curtain coating for dynamic wetting (Blake et al., 1999) . In the case of small Capillary number, it has been shown that the contact angle evolution can be determined for Stokes flow without having to resort to a computational solution of the full set of bulk equations. Sections 4 and 5 describe a rather extreme situation in which L R. (In almost all previous experiments attempted up to now, L R.) However, asymptotic solutions are presented which shed light upon the dynamic evolution of θ d in this case, as well as the effect of hydrodynamic assist on coalescence. Also, this extreme case is the one which, if attempted experimentally, would provide data to test the interface formation model, since the surface tension varies over the whole of the free-surface, and the contact line travels a distance comparable to the drop radius before a smooth free-surface is formed. However, this experiment is not straight forward. This paper has concentrated on asymptotic solutions for small Re, small Ca, small l and small Y . If the full set of equations were to be solved for O(1) values of these parameters, then it would be necessary to make sure that the contact angle evolution satisfies the set of equations described in Appendix A. Along the free-surface, the second-order equation for the surface tension σ satisfies boundary conditions: ∇σ = 0 at x = 0 (from (8)) and σ = σ LG (t) at x = x * (t). Along the liquid-liquid interface, the surface tension σ satisfies boundary conditions: ∇σ = 0 at x = 0 (from (8)) and σ = σ LL (t) at x = x * (t). Here, σ LG (t) and σ LL (t) are obtained from the equations described in Appendix A (as well as the contact angle θ d (t)). From Appendix A, it can be seen that σ LG (t), σ LL (t) and θ d (t) depend upon the pressure at the contact line J (t), as well as other globally determined terms. In a numerical code to solve the full set of equations (1)- (11) for O(1) parameter values, the equations in Appendix A would have to be solved at each time-step to determine σ LG (t), σ LL (t) and θ d (t).
Most previous experiments have Ca 1, Y 1, l 1 and S = O(1). Then, L R so that the surface tension only varies at leading order in a small part of the flow domain close to the contact line. In this case, it can be seen that the equations are those of classical viscous free-surface flow for most of the flow domain, with the modified variable surface tension boundary conditions only becoming relevant close to the contact line. Here, the contact angle would again be subject to hydrodynamic assist and so depend upon some globally determined information concerning the flow away from the contact line. On the other hand, if L ∼ R (so Ca = O(1)) or L R (so that Ca 1) then the surface tension varies at leading order over the whole droplet's surface.
It is interesting to comment on what happens if the problem presented here is attempted with the classical continuum model of viscous free-surface flow instead of the interface formation model of I , but still incorporating a moving contact line into the problem with a continuously evolving contact angle. The calculations presented here can easily be repeated in this case, and such solutions do exist, but only if a singularity is introduced at the moving contact line at r = 0. In this paper, using the interface formation model, the velocity and pressure are instead finite at the contact line (at r = 0).
The best chance of measuring in experiments the phenomena described in this paper is if the contact line travels a distance comparable to the radius of the droplets before a smooth free-surface is formed, and if the contact angle evolution is over a reasonably long timescale. It will be in these cases that the deviation between the predictions of the interface formation model and those of the classical continuum model are the greatest. The calculations here suggest that the Capillary number Ca should be small for the former criteria. For the second criteria, it has been seen that λ has the largest effect on the time for θ d to get close to its equilibrium. For a small Capillary number, it is required that the droplet radius R is very small, and the Capillary number is further decreased by increasing the equilibrium surface tension. Perhaps the easiest way to make the characteristic contact angle evolution time large is to make τ as large as possible. Blake et al. (2002) suggest that this corresponds to highly viscous liquids. Hence, coalescence of micron, or sub-micron, sized drops in highly viscous liquids such as silicone oil (or liquid metals, giving high surface tension) is probably the best experiment to critically test this model. This could perhaps be best achieved using a micro-manipulator to control the impact speed and to fix the location of the impact.
For Ca 1, this paper shows that the model predicts a dimensional timescale for coalescence of the order of 10 2 τ -10 4 τ . If τ varies between 10 −9 and 10 −3 s, depending on viscosity (Blake et al., 1999; Blake & Shikhmurzaev, 2002) , then the timescale for the formation of the liquid-bridge and the smooth free-surface in the coalescence of micro-drops can vary over the very large range 10 −7 -10 1 s, depending upon fluid properties and droplet size, if Ca 1.
S. P. DECENT
The interface formation model is potentially very important, providing macroscopic solutions to fundamental problems in dynamic wetting, coalescence and jet break-up, though further experimental evidence is required to validate this theory. It is hoped that this paper will inspire experimentalists to examine liquid drop coalescence in further detail. The surface tension relaxation tail has never yet been observed in an experiment, but there must be some way of viewing this if the drop is sufficiently small and the liquid sufficiently viscous. The situation described here predicts the unusual situation where there is surface tension relaxation over the whole surface of the drop, so it is in this parameter range that the interface formation model would be best examined. Experimental evidence supporting the interface formation model has so far only been seen in curtain coating (e.g. Blake et al., 1999) . The theory remains controversial: see Eggers & Evans (2004) , where it is claimed that τ = O(10 −18 s)-though this claim was rebutted in Shikhmurzaev & Blake (2004) . Eggers & Evans (2004) base their theoretical estimate of τ on their claim that the surface tension relaxation time scales with the speed of light. In comparison, Shikhmurzaev & Blake (2004) claim that surface tension relaxation is instead a process based on molecular diffusion, and base their estimates for τ on this premiss in agreement with Davies & Rideal (1963) . Therefore, it is important that τ is measured experimentally in a wide variety of flow contexts to resolve this fundamental debate. For further discussion of the interface formation model also see Bedeaux (2003) and Monnier & Witomski (2004) .
It would also be worthwhile comparing the results for coalescence using the interface formation model to the results using alternative theoretical approaches. Drop coalescence has also been examined by Deryagin using intermolecular forces as an additional body force (the disjoining pressure). For example, see Boinovich & Deryagin (1987) , Deryagin & Churaev (1972 , 1976 , Deryagin & Levi (1964) and Deryagin (1993) . Such an approach also leads to a solution which is free of a singularity at the point of impact for coalescing drops. However, in contrast, the interface formation model provides a potential macroscopic model for this, and other related phenomena.
